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Self-similar solutions of the dynamics equations of an ideal elastic-plastic body under 
Mises plasticity conditions were examined in [1-4], where the solutions of the boundary-value 
problems were reduced to the solution of two-point problems of nonlinear differential equa- 
tions with singularities. It is shown below that these equations, under Tresca plasticity con- 
ditions, are integrated in quadratures which will permit achievement of significant simplifi- 
cations. 

i. The equations describing the behavior of Prandtl-Reiss bodies have the form 

i 
q J : e ~ j + e ~ j '  % : - g  ( ~ , J + % 0 '  % : ~ % ~ %  + 2 t ' e ~ j ;  ( 1 . 1 )  

%s, i  - -  P['~ = O, v i = u~, ( I .  2 )  

where u i is the displacement, and the dot denotes differentiation with respect to time. 

Let us consider the plane strain of a medium under Tresk plasticity conditions 

[':maxl= k. ( 1 . 3 )  

Let o3s be the third principal stress o a .  We designate the other two such that oi > 0 2 .  Let 
us examine possible variations. 

A. Let oi > 03 > o~. Then condition (1.3) takes the form 

0, -- o~ = 2k. (i. 4) 

From the associated flow law there follows 

~+ ~=o, ~'~=o, e~>O. 
Since e33 = 0, ee3 = 0, we have from (i.i) 

03 = (733 = (1/2)((711 + (722))~( "~ + ~t) -1" 

We have for the principal stresses in the Oxax2 plane 

ol ,  (7 --- V( (711  - + ( 1 . 5 )  

From the relationships (1.4) and (1.5) there follows 

(0"11 -- (722) 2 -~ 4(722 = 4~ :2. (i. 6) 

The associated flow law has the form 

"p __~p 
(711--(722 e l l  2-------------~ elPl •  = 0 .  ( 1 . 7 )  

2012 - 2 ~ 2  ' , 2~  

We satisfy condition (1.6) by setting 

(711 = (7 + k cos  20, (722 = o - -  k cos 20, (712 = k s in  20, ( 1 . 8 )  

where ~ is the angle between the first principal direction and the OXl axis. Substituting 
(1.8) into the relations (I.i), (1.2), and (1.7), we obtain a system of equations to deter- 
mine 0, ~, vl, v2 

o,1 - -  2k(O,1 s in  20 - -  0,2 cos  20) - -  p ~  = O; ( ] . ,  9 )  
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o,~ - -  2s sin 20 -~ 0 a cos 20) - -  pu~ = 0; ( 1 . 1 0 )  

2~0 = ~t(b'2, 2 - -  UI,1) SI]] 20 ~- ~(UI, 2 + U2,]) COS 20; (1 .  11 )  

: (~ + ~t)(v,,1 + v,~,2). ( 1 . 1 2 )  

T h e  p r i n c i p a l  v a l u e s  o f  t h e  s t r a i n  r a t e s  a r e  d e t e r m i n e d  f r o m  t h e  f o r m u l a s  

e 1 ~ ~--e IPl COS" 0 -~e  2~ sin 2 0 ~- 2e lPg sin 0 cos O, 

�9 "p . .~ "p o " 
e ~ = e n sm~ 0 q- e ~ cos" 0 - -  2e ~P~ sin 0 cos 0. 

T h e  r e l a t i o n s h i p s  ( 1 . 9 ) - ( 1 . 1 2 )  h o l d  u n d e r  t h e  c o n d i t i o n s  o~ > o~ > o= a n d  6P > 0 .  T h e s e  
c o n d i t i o n s  h a v e  t h e  f o r m  

B. Let os = ~=. 
plasticity condition 

o~ --o~= 2k, o I- o~= 2k. 

T h e r e  f o l l o w s  f r o m  t h e  g e n e r a l i z e d  a s s o c i a t e d  f l o w  l a w  

;~+',+;~=0,~, ;1~>0, ;~<0, ;~<0. 
We o b t a i n  f r o m  ( 1 . 1 )  a n d  ( 1 . 1 5 )  

F r o m  ( 1 . 1 5 )  we h a v e  6 ,  = 6~ = 6~ = o a n d  ( 1 . 1 6 )  t a k e s  t h e  f o r m  

(~ + ~t)k > ~o > -- (~ + it)k; (i .13) 

(v.,,~ -- v~a ) cos 28 -- (h,~ q- v~,J sin 20 < 0. (i. 14) 

Then the stress state corresponds to intersection of two faces of the 

(1.15) 

(1.16) 

= (~ q- (2/3)~)(vla ~- v2,~). (i. 17) 

Let us note that the first condition in (1.15) and condition (1.4) agree and by reasoning and 
performing calculations as in case A, we arrive at the deduction that o, 8, vl, v= satisfy 
equations (1.9)-(1.11) on the edge of the Tresca plasticity conditions, while (1.12) is replaced 

by (i. 17). 
P 

The inequalities ~P < 0, e3 < 0, i.e., 

(vla - -  v2. j cos 20 ~- (vl, 2 q- v2, j sin 20 ~ (l/3)(v~. I q- v~,~) ~ 0 

s h o u l d  h o l d  on  t h e  e d g e  u n d e r  c o n s i d e r a t i o n .  

C. L e t  o l  = 0 3 .  T h e n  t h e  s t r e s s  s t a t e  c o r r e s p o n d s  t o  a n  e d g e  o f  t h e  T r e s k  c o n d i t i o n ,  

w h i c h  i s  t h e  i n t e r s e c t i o n  o f  t h e  f a c e s  

al -- G~ ---- 2k, ~a -- a2 = 2k. (1.18) 

There follows from the generalized associated flow law 

~+~+~=0,  ~>0, ;~<0, ~>0. 
R e a s o n i n g  a s  i n  c a s e  B,  we  o b t a i n  t h a t  ~ ,  8 ,  v ~ ,  v2  s a t i s f y  t h e  e q u a t i o n s  ( 1 . 9 ) - ( 1 . 1 1 ) ,  ( 1 . 1 7 )  
o n  t h e  e d g e  ~ u n d e r  c o n s i d e r a t i o n ,  w h i l e  t h e  i n e q u a l i t i e s  6~ > 0 ,  sP  > 0 t a k e  t h e  f o r m  

(via - -  v~,J cos 20 q- (vl, 2 -~ v2.1) sin 20 ~ - - ( t /3)(vla  q- v2.~).~ 0. ( 1 . 1 9 )  

D. L e t , g 1  > o2 > o 3 ; t h e n  t h e  p l a s t i c i t y  c o n d i t i o n  h a s  t h e  f o r m  

~z -- % ---- 2k. (1.20) 

From the associated flow law we obtain 

e l v q - e ~ = 0 ,  e ~ = 0 ,  e ~ > 0 ,  e ~ < 0 .  ( 1 . 2 1 )  

T h e  s t r e s s e s  a n d  p l a s t i c  s t r a i n  r a t e s  a r e  e x p r e s s e d  i n  t e r m s  o f  t h e  p r i n c i p a l  v a l u e s  b y  

m e a n s  o f  t h e  f o r m u l a s  

an = ~ -~ ? sin~O, a~2 = ~ ~- ? cos s0, ~2 ---- --? cos 0 sin 0, 
(1.22) 

We obtain from the motion equations 
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Differentiating 

ing e~ and &P 

( 1 . 1 )  

~1,1 + "~',~ sin ~ 0 - -  Y,2 sin 0 cos 0 + ?(O,~ sin 20 - -  0,~ cos 20) = pvi, 

a~,. + 7,2 cos~ 0 - -  7 a  sin 0 cos 0 --3 ' (0,2 sin 20 + 0,~ cos 20) = p'v v 

with respect to time and substituting (1.22), we 

3~ 1 q- ~" = (3~ q- 2p)(q,~ q- v~.~), 

(~1 - -  Y) sin 20 - -  27~) cos 20 = ;~4q,~ + v~,~) s in 20 + 2p(v~,~ + v~,~), 

?0 -[- ~t(ve, z - -  vl,~) sin 20 -[- ILt(V>2 + v~,l) COS 20 = O. 

( 1 . 2 3 )  

obtain after eliminat- 

(1.24) 

Therefore, to determine the five unknown functions o~, y, ~, vl, v2 on the face (1.20) we have 

a system of five equations (1.23) and (1.24). By using (i.I), we obtain from (1.21) that 
(1.23) and (1.24) hold under the conditions 

(v2. = -- 'vl .1)  cos20  - - ( q , z  + v2,1) s i n 2 0  ~ vl, 1 + v~,a , - -2k  < ? < 0. 

E .  L e t  o3  > ~ > o = ;  t h e n  t h e  p l a s t i c i t y  c o n d i t i o n  h a s  t h e  f o r m  

We obtain from the associated flow law 

e ~ +  eaP=0 ,  e l P = 0 ,  e 2 ~ < 0 ,  e a ~ > 0 .  

We h a v e  f o r  t h e  s t r e s s  a n d  p l a s t i c  s t r a i n  r a t e  c o m p o n e n t s  

a u =  ~ - - ? c o s  ~0, ~a~= o~ - -? s in  ~0, ~1~= - - ? c ~  

e !  o _ " P  . . . .  1 ~ -  ~ ~.~ o, 4 = e ~  ~o~ = O, e ~  = - -  ~ ~ -  0 r 0 

Furthermore, by reasoning as in case D, we obtain a system of equations to determine 
o=, ~, T, v~, v2 in the form 

which will hold 

%,1 - -  7,1 cos= 0 - -  7,= s in  0 cos 0 + ?(0,1 sin 20 - -  0,2 cos 2()) = pv,, 

~_~,2 - -  ?,2 sin~ 0 - -  ?,1 sin 0 cos 0 - -  ?(0,2 sin 2() + 0,1 cos 20) = pt,2, 

(~2 + ?) s in 20 + 2yO cos 20 + 2~*(v2,1 q- vl,2) = )~(vl, 1 + v2,~) sin 20, 

?0 q- ~t(v2, 2 - -  v1,,) sin 20 + ~(v,,= + vz,1) cos 20 = O, 

3b.a - -  ? = (3~ ,-{- 29)(v H q- v=,=) , 

u n d e r  t h e  c o n d i t i o n s  

( 1 . 2 5 )  

(t'~.~ - -  vi,1) cos20  - -  (vl, 2 + v2,1) s i n 2 0  ~ - - (v , ,  1 + v~,2),--2k < g < O. 

F. Let oi = o=. Then ~ = ~== = o, ~= = 0 and there follows from the motion equations 

~,i -- Pv, = 0, o.= -- pv2 = 0. (1.26) 

The plasticity condition will be satisfied if 

% -- ~i = 2k, oa -- % = 2k. (1.27) 

There follows from the associated flow law 

T h e r e  f o l l o w s  6 3  = 6 = 3  = 6 f r o m  ( 1 . 2 7 )  a n d  w e  o b t a i n  f r o m  ( 1 . 1 )  

= (~ + (2/3)M)(vl,1 + v2,2). ( 1 . 2 9 )  

T h e  r e l a t i o n s h i p s  ( 1 . 2 6 )  a n d  ( 1 . 2 9 )  a r e  a c l o s e d  l i n e a r  s y s t e m  o f  e q u a t i o n s  t o  d e t e r m i n e  ~ ,  
v l ,  v = .  T h e  i n e q u a l i t i e s  ( 1 . 2 8 )  w i l l  b e  s a t i s f i e d  f o r  

(i/3)(v>l + v2,=)+1/(v1,1 --z~,=)~+ (q,= + t,2,1)2 ~ 0 .  

If the plasticity condition has the form o~ -- 03 = 2k, c2 -- ~3 = 2k, then (1.29) holds, and 
the associated flow law 

will be satisfied, if 
1 L , . 

( i / 3 ) ( ~ 1 1  + ~.,,=) - V(~ ' , , 1  - ~'=,=1 = ~- (~1,= + ~'~,1) = > 0 .  
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Therefore, in contrast to the rigidly plastic problem, the Trescaplasticity condition 
edges play the same role in the plane elastic-plastic problem as do the ~aces, i.e., result 
in a closed system of equations in the presence of constraints, where this system holds. 
The idea of using the edges of the Tresca plasticity conditions to solve axisymmetric bound- 
ary-value problems was first utilized in [5], this idea was later used extensively in [6] to 
solve three-dimensional problems. Definite simplifications can be achieved even when solving 
plane elastic-plastic problems. 

2. Let us examine the self-similar solution of the equations for the plane dynamics prob- 
lem of an elastic-plastic body under Trescaplasticity conditions. 

We take the angle 
= arc tg[ ,~(x~  - -  ct)-~], 

where c = const, c > c~ = /(% + 2D)p -x, as the self-similar variable. 

Going over to the self-similar variable in (1.9)-(1.12), we obtain 

- -  o '  s in  q + 2kO' cos  (q~ - -  20) - -  pcv' 1 s in  �9 = O, 

o" cos ~, - -  2kO" sin (~ - -  20) - -  pcv~ s in  ~ = O, 

. . . .  (2 1) co" s in  q~ + (~, -t- V) ( v i  s in  9 - -  v~ cos  q~) = O, 

2kO'e s i n  q~ + ~tv~ cos  (9  - -  20) - -  pv'~ s in  (q~ - -  20) = O. 

The system (2.1) has trivial solutions, i.e., o, 0, v~, v2 are constants independent of ~. 

Other solutions of this system are possible only under the condition that its determi- 

nant vanishes: 

p2(i _ pS) toss 2(~ - -  O) = M s sin s 9(1 - -  M s sin s ~), ( 2 . 2 )  

M = cc-~L p = %c'Z1, ca = ~p-1. 

Since O < p2 < i/2 ' real values of 0 can be obtained from (2.2) only for 9, satisfying 

the inequalities 

O ~ < M  ~ s i n s ' ~ p s ,  l - - p S < M  s s i n  s $ ~ < i .  ( 2 . 3 )  

D i f f e r e n t i a t i n g  ( / 2 . 2 )  w i t h  r e s p e c t  t o  ~o a n d  e l i m i n a t i n g  0 '  f r o m  ( 2 . 1 ) ,  a f t e r  i n t e g r a t i n g  we  c a n  

r e p r e s e n t  t h e  s o l u t i o n  i n  t h e  f o r m  

t - -  2p 2 
" P T k  = sign (cos 2 (~ - -  0)) [ - - - ~ p  • 

\ 

• in pM si___~n_~-  ~ f ( i -  p 2 ) ( t -  M__~2 sin'Z ~).I ~ r i _ p l  ] (2.4) 
[pM sin 9 7  ~ f ( l  - -  p2) (i  - -  M z sin "z ~p) + arcsin (M sin 9) - -  

- -  sign (sin 2 (~0 - -  0)) V i - - ~  .!  V t  - -  M9 sin___~ 2 _~ d9 + C1; 
] / t  - -  p2 _ M 2 s in  2 9 

v~pep ]/r ~ p..,. 
k sign (sin 2 (9 - -  0))[2 V (p2--MZ sin z ~0)(i--P2--M 2 sin 2 ~ ) - -  

_ ( i  _ 2p~-) In [ V p ~  _ M2 sin~ r + V i - - p 2  - -  M2 sin" r ] ] - -  
(2.5) 

2 (9 - 0)) [ (2p ~ - M 2) In [ ~I r ~ + }Q -- M 2 sin 2 ~ I + s i g n  (cos 

I t  f o l l o w s  f r o m  ( 2 . 2 )  t h a t  t h e  i n e q u a l i t y  ( 1 . 1 4 ) w i l l  a l w a y s  b e  s a t i s f i e d  f o r  v a l u e s  o f  M a n d  

~0 b e l o n g i n g  t o  t h e  i n t e r v a l  ( 2 . 3 ) .  

An analysis of the self-similar solutions for the edges (1.15) is performed analogously. 

The condition that the determinant vanish has the form 

p2(i - -  (4/3)p s) cos "z 2(~ - -  O) = (l  - -  (l/3)p s - -  M 2 sin s 9)M "2 sin s ~- ( 2 . 6 )  

Real values of ~ can be determined for values of ~, satisfying the inequalities 
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3 

3 O~<M~sinO. qc~< 2 4 t p~ p ,  t - -"~p2~<M2sin2qo~<l--~ - . 

( 2 . 7 )  

We obtain the expressions for o, v= in the form 

2kp o = sign (cos 2 (T -- O)) " , 4 X 
4p r i --'--~ p~ 

I p M s i n q ~ - - / ( l - - 4 P ~  ( t - - 4 - - M 2 s i n ~ q ~ ) ' t '  a rcmn(  f-----------L~]~ 
X ]n[------ . M sin q) , 

y P~: -- M~ sin'~ ~__ dq9 + 'C~; -+ sign (sin 2 (q~ -- 0)) . . .f 4 

l /  I --'--$ p2 - -  M 2 sin ~ rp 

p~t~ - -  l +--~ p 
pc sign (sin 2 ((p -- O)) [~ ] t + t  I p21n + 
2k v~= ----7----g--? unITcTI  + ~t~_l  

zp 1/ {--z-'~ L 

(2.8) 

7 ~ pt  -+- V t  - -  -~ p- _ sign (cos2 (qg-- 8)) X 
1 - -  "g- P" P In 1 / "  

§ v , , 

V 
• Mcosr~-t- t - - ' g  sin~"rp +sign(eos2(q)--O)) . . . .  2p ..... • ( 2 . 9 )  

t p~__2M2)/(i  i p2 2M~)-lln t + t  
( i -  X - - g  • - -i--2-7-1+ 

+ 
]n 4 p 2 _  

M t - - y  , 

4 p2 + 4 P~ i) In 
2 I ---~ p2) (M2 +-~ -- Mt--Vi--- ~ 

where t2=(l__~p2 M2sin2ep)(p2_M~sin~c~)_l. 
3. Let an acute wedge with aperture 2a move at a constant supersonic speed c in an elas- 

tic-plastic medium. Assuming no contact friction, we write the boundary conditions in the 
form 

ch2(x 1, O) = O, v2(xl, O) = --c  tg a, x I < O. ( 3 . 1 )  

The medium is not perturbed in the domain a'Oa (Fig. i) ahead of the wedge, i.e., ~ij = 
0, v i = 0. The lines Oa and Oa' move in the direction of the normal at the velocity of the 
irrotational waves c~ = (% + 2~)/p, which is the maximum possible velocity of perturbation 
propagation in an elastic-plastic medium [7]. 

It is shown in [7] that neutral strong-discontinuity waves exist in elastic-plastic 
medium, on which the following relationships are satisfied 

pc~ = ,k + 2/~, [~i ]  = o)v~, [e~j ]  = O, - -  % [ar = (2~5i.~ + 2 ,uv [v ] )  r ( 3 . 2 )  

~ e!O 2 V2 p~ = ~, Pk] % = o,  [ ~j] = o, - q [%1 = ~ ( P d  "j + [~j] ~), ( 3 . 3 )  

where c~, c: are the elastic wave velocities, v ~. 2 i' vi are the normals to the wave surface: 

~I = M-~, ~1 = _ M-~ V ~ - - ~ _ l ,  ~ = ~ = o, ~ = m -~,  ~ = - ~ - ~  V ~ - - ~ -  ~. 
Upon insertion the wedge excites two neutral strong discontinuity waves Oa and Ob moving at 
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the velocities c~ anc c2, respectively. We obtain the stress state at cOb from (3.2) in the 

form 

on  = --pcl( t  - -  2P ~ + 2pSM-2) ~, o22 = --Pca(i - -  2p'M-2) ~'  ( 3 . 4 )  

oj 2 = 2pcap~/~-~ __ tM-2r o3~ = - - p q ( l  -- 2p2)(o. 

We o b t a i n  a t  bOc f r o m  ( 3 . 3 )  a n d  ( 3 . 4 )  

vl = ~M -I -- p-*[%IV~ - p2, % = _~M-I]/.~-[_ i -- [%], 

( h i  = - - P q (  1 - -  2P ~ + 2p~M-2)~ ~- 2 9 % M - 1 ] / ~  - P " [ % l ,  

028 = - - 9 q ( i  - -  2p~M-2)o - -  2p%M-I~/M -~ - -  p 2 1 % ] 1  ( 3 . 5 )  

al~ ---- 2 p c l p 2 M - 2 ] / ~  - -  t ~  - -  D % p - 1 M - I [ v 2 ] ( M  s - -  2p2), 

~aa = --p%(i -- 2p~)o. 

T h e r e  f o l l o w s  f r o m  t h e  b o u n d a r y  c o n d i t i o n s  ( 3 . 1 )  a n d  t h e  r e l a t i o n s h i p s  ( 3 . 5 )  

(0 = q tg ~(M 2 - -  2p~)(M~ - -  t)-I/2, [%1 ---- 2 q P  ~M-1 tg a,  ( 3 . 6 )  

We o b t a i n  f r o m  ( 3 . 4 )  a n d  ( 3 . 6 )  t h a t  t h e  m e d i u m  w i l l  b e  i n  t h e  e l a s t i c  s t a t e  i n  t h e  d o m a i n  aOb 

i f  

q j ~ p ~ p 4 ~  -~  tg ~ < ~M-W:N-- ~ (M ~ - -  2 d )  -~  = ~. ( 3 . 7  ) 

F o r  q = r a p l a s t i c  s t a t e  c o r r e s p o n d i n g  t o  t h e  e d g e  o l  = o~ = ~= + 2k w i l l  b e  i n  t h e  d o m a i n  
a O b .  I f  t h e  i n e q u a l i t y  ( 3 . 7 )  i s  s a t i s f i e d ,  t h e n  t h e  m e d i u m  w i l l  b e  i n  t h e  e l a s t i c  s t a t e  a t  

t h e  d o m a i n  bOc f o r  

t < M  e < 2p ~ -  2 ( l - - V 2 p ) $  

q < ] f M - ~ -  l(M' - -  2p2)-1(--i -~ 2M -s - -  2T) -1, ( 3 . 8 )  

w h e r e  

T = 2pM-:(M ~ - -  2p~)-l~/iMS - -  t)(M z - -  p2), ( 3 . 9 )  

The curve i, below which the inequality (3.7) is satisfied, and the curve 2 below which the 
inequality (3.8) is satisfied, are constructed, and intersect at the point A in Fig. 2 for 
2 , p2pc~k-ltga. It follows from Fig. 2 that in both p = 0.3 in the plane (M -2 q), where q = 

the neighborhood of M = 1 and for sufficiently large M values of q will always exist for which 

an elastic solution will be impossible. The elastic solution is possible only in the domain 

below both curves (shaded domain in Fig. 2). 

Analysis of the inequalities (3.7)-(3.9) shows that forp2 < i/4 as well as forp2~i/4 ' 4p4(4p2_ 
1) -I > M 2 > 2p = + 2(1 -- 2/~p) the plasticity is first manifest in the domain cOb as tg 

increases, if ~ = M/~ -- I(M 2 -- 2p2) -I The maximal tangential stress achieved the value k 

in the domain Oc only for p2 > i/4 , M ~ ~ 4p"(4p 2 -- 1) -I as well as for pa < ~2 and 1 < M 

2p 2 + 2(1 -- 2/~p). As tg a increases the plasticity is first manifest if 

q = ] / ~ - ~ - -  l(M z - -  2p2)-1(1 - -  2M-~ + 2T) -1, = ] / * M  s - -  t(M s --2p~)- l(-- i  + 2M -2 __ 2T)-1 

respectively. We obtain from (3.5) for normal pressure on the wedge face 
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~ = - -  pc~M -2 [4p ~ V M 2 - -  p 2 ~  (M 2 - -  2pe) 2 (M ~ - -  l )- l /2]i tg a ,  

L e t  t h e  m e d i u m  i n  t h e  d o m a i n  bOc b e  i n  t h e  p l a s t i c  s t a t e ,  a n d  i n  t h e  e l a s t i c  s t a t e  i n  
a O b ,  t h e n  t h e  s o l u t i o n  i n  aOb i s  d e t e r m i n e d  f r o m  f o r m u l a  ( 3 . 4 ) ,  i n  bOf  f r o m  ( 3 . 5 ) ,  p l a s t i c  
strain occurs in fOg, and the integrals (2.2), (2.4), (2.5) are executed, the stresses and 
displacement veiocitles are constant in gOc and equal to their values on the line Og. We ob- 

tain 0 = 0 on the line Og from (3.1) and we have the following equation from (2.2) 

p~(i - -  p~)cos22~ = M~sin~%(l - -  M~sin~Tj  ( 3 . 1 0 )  

to determine ~ (the slope of Og to the x~ axis). 

Equation (3.10) has the solution 

s i ~  ~1 - -  M2 + 4p2 (l - -  pi) - -  M V M 2 (1 - -  2p2) 2 + 8p 2 (1 - -  pi) ( 3 . 1 1 )  

2M~+ 8M~(l - -  p~) 

i n  bOc w h e r e  M 2 s i n  r  p 2 .  P l a s t i c  s t r a i n  o c c u r s  i n  b O f ,  f r o m  ( 1 . 6 )  a n d  ( 3 . 5 )  t h e r e  f o l l o w s  

~2p2 + [vi] 2 M 2 _ 4p~M_~ [vii ( VM'---~-- t (M 2 - -  2p 2) - -  ( 3 . 1 2 )  

- ( w  - 2 )  = 

On t h e  l i n e  Of w h e r e  ~ = ~2 t h e  f o l l o w i n g  n o n t r i v i a l  s o l u t i o n  h o l d s  

p~(i - -  p~)cos~2(~ - -  Oj = (t - -  M~si~ ~ z ) M ~ s i n ~ .  ( 3 . 1 3 )  

From the condition of continuity of ~2 we obtain on the llne Of 

2pqp~'W~- I M - ~  - -  pq(M ~ - -  ~ ) M - ~ [ ~ I  = k sin 20~| ( 3 . 1 4 )  

For ~ = ~ we have v2(~2) = --[v z] -- ~M-X Mr -~- i from (3.6); consequently there follows from 
(2.8) and (3.1) the relationship 

s i g n  ( s in  2 (~  - -  0)) [2  ] / ( p 2  = M ~ s i n  2 ~)  ( t  - -  p~ - -  M ~ s in  z ~)  - -  

+ ( 2 p  2 - M  ~ ) I n ] M c o s r  ~ t - - M  2 s i ~ l + 2 p  ] / r ~ - f + p i _ _ i •  ( 3 . 1 5 )  

•  M c o s ~ - -  V(M ~ + p 2 - i ) ( t - M  2sin 2~) 
Mcos~+ V(u2+p~_l)(t ~{~sin~r +2Mcos~ /l--M~sin2~+ 

t 

+[h]+~/~-1M-~=~tg~.  
For given values of tg ~ values of ~ ,  [vi], ~ 2 ,  ~2 are determined from the relationships 
(3.12)-(3.15). This solution holds while Iwlpipcl < k. For ~ = k(p=oc~) TM the yield point 

is reached in the domain aOb. Substituting the value ~ obtained into (3.12) and (3.15), we 

obtain the maximal values of q for which this solution is still possible. We limit ourselves 
to the solution of (3.12)-(3.15) for large M. Here sin=~ = p=M == -- 4p"(l - p=)(l -- 2p=) -~. 

M -4 + o(M-~). The maximal q for which the medium will be in the elastic state in aOb while 
plastic strain occurs in bOc in the zone fOg, will have the form 

q < M-ZVM F -  i. ( 3 . 1 6 )  

Setting sin~= = piM-2 --  bM -4, where b is an unknown quantity, we have from (3.12)-(3.15) 

b = p~(l --  p~)(t - -  2p~)-l[2p - -  qM~(M ~ -- 4p~)-l]L 

The normal pressure on the wedge face is expressed in the form 

%u = - -  k - -  (i - -  p2) pc~M 2 (M 2 _ t)-1/~ tg a + kM'ap -~ (a --jb), 

w h e r e  

a = @ ~ ( l "  p D ( i - - f i p g - <  

L e t  t h e  m e d i u m  b e  i n  a p l a s t i c  s t r a i n  s t a t e  i n  t h e  d o m a i n  a O b ,  a n d  i n  t h e  e l a s t i c  s t a t e  
i n  t h e  d o m a i n  bOc .  T h e n  t h e  s o l u t i o n  i n  t h e  z o n e  eOd i s  d e t e r m i n e d  f r o m  ( 2 . 6 ) - ( 2 . 9 ) ,  a n d  
f r o m  ( 3 . 5 )  i n  b O e ,  w h e r e  t h e  s t r e s s e s  a n d  d i s p l a c e m e n t  v e l o c i t i e s  a r e  c o n s t a n t  i n  bOe a n d  
e q u a l  t o  t h e  v a l u e s  d i r e c t l y  b e h i n d  t h e  l i n e  Oh. I n  aOd t h e  s t r e s s e s  a n d  d i s p l a c e m e n t  v e l o c -  
i t i e s  a r e  d e t e r m i n e d  f r o m  ( 3 . 4 ) ,  w h e r e  t h e  i n t e n s i t y  o f  t h e  i r r o t a t i o n a l  w a v e  i s  ~ = 

k p - 2 ( p c l )  - ~ .  F o r  m e d i a  w i t h  p2 > ~/~ t h e  a l l o w a b l e  v a l u e s  o f  M f r o m  ( 2 . 7 )  a r e  s m a l l .  I f  t h e  
m e d i u m  i s  c h a r a c t e r i z e d  b y  t h e  v a l u e s  t/4 < p2 < 3/7 d e f o r m a t i o n  i s  p o s s i b l e  i n  t h e  m e n t i o n e d  
f o r m  f o r  l a r g e  M. 
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The maximal value of q obtained under the assumption of attainment of the plasticity 
state beyond the line Ob, where deformation of the type mentioned is still possible, is 
expressed in the form 

Vw- + 1 - -  -~ -$ 

where 
M 2 sin ~ q~z = I -- 4p~ -}- rM_~ 

M ~ s i n S ~ ' = t - - - $ p ' + a M - 2 = t - - - ~  + - - y  - - V t - - - ~ p  ] ~ l - - - 3 P  s) M -2. 

An e q u a t i o n  t o  d e t e r m i n e  r f o l l o w s  f rom t h e  b o u n d a r y  c o n d i t i o n  (3.1) 

7 + p Z M - , ( M 2 2 p S ) - l [ 2 V 1 4 p 2  V r ( f  T p2) (l  4 

7 4 \-llS 

The normal pressure on the wedge face is expressed in the form 

~ = pZ pS o . 

If the inequality (3.16) or (3.17) is not satisfied, then in both the domain cOb and the do- 
main bOc the medium will be in the plasticity state. 

The solutions in cOd are determined by (3.4), while plastic deformationoccurs in dOe and 
the integrals (2.2)'-(2.5) hold, and the stresses and displacement velocities are constant in 
dOb and equal to their values on the line Oe. 

The solutions in the zone bOf are determined by (3.5), the integrals (2.2)-(2.5) hold in 
fOg, and the stresses and displacement velocities retain their values behind the line Og, equal 
to their values on the line Og. For large values of M we use the notation 

4 -i 

M2 sin 2 q~2 = p2 __ eM-2, M2 sin s qO 3 = I -- ~ p2 .~_ rM-2, 

= _ V t _ - ~ p 2 )  M - ~ _  - i - - - ~ p  +aM -~'. M 2sin sq)4 l - - - ~ p  + 4 p  ~ 4 z -1 

The plastic deformation in zones dOe and fOg occur under the identical condition (1.18); 
therefore, the following equality holds 

9c~[v2] = 2kp"~-M-2[M-lp-l(M 2 -- 2p 2) sin 20~ -- 2M-I],/~M - :y-  p2 cos 203]. 

From the condition of continuity of ~12 we obtain on the line Of 
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There follows from the boundary condition (3.1) 

] n ~  : - - 2 M q y l - - ~ p ~  z) ~ 

The n o r m a l  p r e s s u r e  on t h e  w e d g e  f a c e  i s  e x p r e s s e d  i n  t h e  f o r m  

,n +o 

The p r e s s u r e  c h a n g e  on t h e  w e d g e  f a c e  i s  shown i n  F i g .  3 f o r  p= = 0 . 3  and  q = 0 . 1  a s  a 
f u n c t i o n  o f  t h e  v e l o c i t y  o f  w e d g e  p e n e t r a t i o n ,  We o b t a i n  t h e  m i n i m a l  p r e s s u r e  i n  t h e  e l a s -  
t i c  s o l u t i o n  f o r  M = = 1 . 1 8 .  As M d e c r e a s e s  a n d  i n c r e a s e s  t h e  p r e s s u r e  r i s e s ,  A t  t h e  v a l u e  
M = = 9 9 . 8 2  p l a s t i c  f l o w  s e t s  i n  a t  t h e  w e d g e  f a c e  ( t h e  d o m a i n  b 0 c  i n  F i g .  1) a n d  t h e  p r e s s u r e  
growth is terminated. For M = = 100.20 plasticity sets in even in the domain aOb. Later the 
pressure grows in proportion to M as M increases. 
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THEORY OF IDEAL PLASTICITY OF MULTICOMPONENT MIXTURES 

L. A. Saraev UDC 539.4 

I. We consider a rigidly plastic micro-inhomogeneous isotropic medium consisting of n 
different components interconnected by ideal adhesion. Let the plastic properties of each 
component be described by the surface flow taking the hydrostatic pressure into account 

2 = k 2 i , 2 ,  . . . , n ,  s~js{j + as~pp ~, s : 

where sij = ~i" -- 6ij~ ~ is the stress tensor, k s are the component yield points, and 
a s are parameters characterizing their volume compressibility. 

The structure of such a medium can be described by a system of random indicator functions 
of the coordinates •215 ..... • from which each function • equals unity on a set of points 
of the s-th component and equals zero outside this set. By using these functions the local 
associated flow law of the composite material under consideration can be written in the form 

[ l  ] eij (r) - -  6~jb (r) epp (r) 

~ij (r) = k (r) Veil (r) ehl (r) -- b (r) e~p (r) ' (i. i) 

n 
where Eij(r ) is the strain rate tensor; k(r)= ~ks%(r); and 
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